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Abstract: The closed string model in the background gravity field is considered as a bi- 
Hamiltonian system in assumption that string model is the integrable model for particular 
kind of the background fields. The dual nonlocal Poisson brackets (PB), depending of 
the background fields and of their derivatives, are obtained. The integrability condition 
is formulated as the compatibility of the bi-Hamiltonity condition and the Jacobi identity 
of the dual Poisson bracket. It is shown that the dual brackets and dual Hamiltonians 
can be obtained from the canonical PB and from the initial Hamiltonian by imposing the 
second kind constraints on the initial dynamical system, on the closed string model in the 
constant background fields, as example. The hydrodynamical type equation was obtained. 
Two types of the nonlocal brackets are introduced. Constant curvature and time-dependent 
metrics are considered, as examples. It is shown, that the Jacobi identities for the nonlocal 
brackets have particular solution for the space-time coordinates, as matrix representation 
of the simple Lie group. 
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1. Introduction 

The bi-Hamiltonian approach to the integrable systems was initiated by Magri [jij for the 
investigation of the integrability of the KdV equation and was generalized by Das, Okubo 
Q. Definition 1. A finite dimensional dynamical system with 2N degrees of freedom 
x a ,a = 1,...2N is integrable, if it is described by the set of the n integrals of motion 
Fi, ...,F n in involution under some Poisson bracket (PB) 

{Fi,F k } PB = 0. 

The dynamical system is completely solvable, if n = N. Any of the integral of motion 
(or any linear combination of them) can be considered as the Hamiltonian H k = F k . 
Definition 2. The bi-Hamiltonity condition Q has following form: 

x a = — = {x a , Hih = ... = {x a , H N } N . (1.1) 
at 

The hierarchy of new PB is arose in this connection: 

{,}i,{,}2, ~{,}n- 

The hierarchy of new dynamical systems arises under the new time coordinates t^. 

dx a 

= {x a , H n } k+1 = {x a , H k } n+1 . (1.2) 

Itn+k 

The new equations of motion describe the new dynamical systems, which are dual to the 
original system, with the dual set of the integrals of motion. 

There is another approach to the bi-Hamiltonian systems Two PB {,}i and {,}2 are 
called compatible if any linear combination of these PB c%{, }i + C2{, }2 is PB. It is possible 
to find two corresponding Hamiltonians H\ and H2 which are satisfy to bi-Hamiltonity 



condition. 

We used first approach to the closed string models as the bi-Hamiltonity systems. Second 
approach was used to description of the hydro dynamical type models. 
We consider the dynamical systems with constraints. In this case, first kind constraints 
are generators of the gauge transformations and they are integrals of motion. First kind 
constrains F k (x a ) ~ 0, k = 1,2... form the algebra of constraints under some PB. 

{F l ,F k } PB = C l ik F l ^0. 

The structure functions C\ k may be functions of the phase space coordinates in general 
case. The second kind constraints fk(x a ) ~ are the representations of the first kind 
constraints algebra. The second kind constraints is defined by the condition 

{fiJk} = C ik ^0. 

The reversible matrix Ci k is not constraint and also it is a function of phase space coor- 
dinates. The second kind constraints take part in deformation of the {,}pb to the Dirac 
bracket {,}d- As rule, such deformation leads to nonlinear and to nonlocal brackets. The 
bi-Hamiltonity condition leads to the dual PB that are nonlinear and nonlocal brackets as a 
rule. We suppose, that the dual brackets can be obtained from the initial canonical bracket 
under the imposition of the second kind constraints. We have applied || ||, [@, ||, ||, 10] 



bi-Hamiltonian approach to the investigation of the integrability of the closed string model 
in the arbitrary background gravity field and antisymmetric B-field. The bi-Hamiltonity 
condition and the Jacobi identities for the dual brackets were considered as the integrabil- 
ity condition for a closed string model. They led to some restrictions on the background 
fields. 

Nonlocal PB of a hydrodynamical type was obtained as the Dirac bracket by Ferapontov 
|1|] and by Maltsev Q. 



The plan of the paper is the following. In the second section we briefly considered papers 
about hydrodynamical type nonlocal brackets. In the third section we considered closed 
string model in the arbitrary background gravity field. We suppose that this model is 
an integrable model for some configurations of the background fields. The bi-Hamiltonity 
condition and the Jacobi identities for the dual PB resulted in to the integrability con- 
dition, which restrict the possible configurations of the background fields. As examples 
we considered constant curvature space and time-dependent metric space. In the fourth 
section we considered closed string model in the constant background gravity field. We 
obtained hydrodynamical type equation for the string model on the second kind constraints 
as configuration subspace embedded in a phase space. 



2. Hydrodynamical type models 



Mokhov and Ferapontov introduced the nonlocal PB 
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.]. The Ferapontov nonlocal PB 



(or hydro dynamical type nonlocal PB ) [|TJ] is: 

8 L 
{u\x),u k (y)} = g lk (u) — 5(x-y)-^rjn^(x-y)+^ ^(n^KK^-y^^^^K, 

s=l 

(2.1) 

where v{x — y) = sgn(x — y) = (^) _1 <5(x — y), u l (x) are local coordinates, u l x (x) = 
d x u l (x),i = 1...N. The coefficients g tk (x), T^(x), (x) are smooth functions of local 
coordinates. This nonlocal PB is satisfy the Jacoby identity if and only if g lk (u) is the 
pseudo-Riemannian metric without torsion and also the coefficients satisfy the following 
relations: 

1. r^(u) is the Levi-Civita connection, 

2. g lk (u)J k s)j (u) = gJ k (u)J k s)l (u), 

3. Vfc<jj^*(n) = Vjo>1 , where is the covariant differential, 

4. R k \{u) = J2s=i \ u i S ^^^ — w k ]' wnere R% is Riemannian curvature tensor of the 
metric g lk , 

(s)i (t)k (t)i (s)i 

J k =UJ k U k ■ 

This nonlocal PB corresponds to an N-dimensional surface with flat normal bundle em- 



bedded in a pseudo-Euclidean space E + ]13|]. There metric g is the first fundamental 



(s)i 

form, Lo k is Weingarten operator of this embedded surface, which is define the second 
fundamental form. The relations 2)-4) are the Gauss-Peterson-Codazzi equations. The 
relations 5) are correspond to the Ricci equations for this embedded surface. 
Dubrovin and Novikov have considered the local dual PB of the similar type in the 
application to the Hamiltonian hydrodynamical models. Dubrovin-Novikov PB ( or the 
hydrodynamical type local PB) can be obtained from the nonlocal PB (|2,1|) under condition 



(s)i 

uj k =0. The Jacobi identity for this PB is satisfied if g^ is the Riemann metric without 

torsion, the curvature tensor is equal to zero. The metric tensor is constant, locally. 

It need to consider the linear combination of the local and the nonlocal Poisson brackets to 



obtain the hydrodynamical type equations [17]. There we consider Mokhov, Ferapontov, 
nonlocal PB JllJ] for the metric space of constant Riemannian curvature K, as example: 



d dh k dh? d 

{u i (x),u k (y)} = cm ik —5(x -y) + c 2 (— - + - Ku^)— S(x - y) 
dx ou l ou K dx 



+ (ir^n ~ K $i uk yj(x -y) + K <"(* - vK ( 2 - 2 ) 



Q2 h k 

' du l du l 

The canonical form of PB ( |2.2[) was first presented by Pavlov Jl5| . The Jacobi identity is 
satisfied on the following relations: 

d 2 h l d 2 W _ d 2 W d 2 ^ 
du k du n du n du l du k du n du n du l ' 

an on _ K , n) on = ^ 
K du l du n ' du>du n 1 J 1 

First of this equations is the WDVV [18, [HI consistence local condition. The system of 



hydrodynamical type is a bi-Hamiltonian system with the PB {, }fm an d {, }nd ifi 

yi( x ) = { u i (x),H 1 } FM = {u i (x),H 2 } N D- 



Where Hamiltonians H\ and H 2 are following: 

Hi = ^J u i (x)u i (x)dx, H 2 = J - ^u l u l u k u k ]dx. 

3. Closed string in the background fields. 

The string model in the background gravity field is described by the system of the equations: 

x a - x" a + Tl c (x)(x b x c - x' b x' c ) = 0, g ab (x)(x a x b + x' a x' b ) = 0, g ab {x)x a x' b = 0, 

where x a = ^r, x' a = We will consider the Hamiltonian formalism. The closed string 
in the background gravity field is described by first kind constraints in the Hamiltonian 
formalism: ^ 

hi = -g ab (x)PaPb + -g a b(x)x' a x' b « 0, h 2 = p a x' a ~ 0, (3.1) 

where a, b = 0, 1, ...D—l, x a (r, a),p a (r, a) are the periodical functions on a with the period 
on 7T. The original PB are the canonical PB: 

{x»,p & (</)}i = 5 a b 8{a - a'), K(a), *V}i = {p a {a),p b {a')}i = 0- 
The Hamiltonian equations of motion of the closed string, in the arbitrary background 

7T 

gravity field under the Hamiltonian H\ = f h\da and PB {, }i, are 

o 

■ a ab ■ "6 1 dg bc 1 dg bc , b , c dg ac lb , 

X = 9 Pb , Pa = 9abX ~ Ydx^ VbVc ~ Ydx^ % % + ~dJ % % ' 

The dual PB are obtained from the bi-Hamiltonity condition 

7T 7T 

x a = {x a , J h l (<y')d<y'} l = {x a , J h 2 (a')da'} 2 , (3.2) 



IT IT 

Pa = {Pa, J h 1 (a')da'} 1 = {p a , J h 2 (a')da'} 2 . 
o o 

They have the following form: 
Proposition 1. 

ft A ft R ft 
{A(a),B(a')} 2 = __[[u/» + u ab {a')]u(a' - a) + + ^ b (a>)]—6(a> - a) 

+ [n ab (a) + n ab (a')]5(a' - a)} + Mg^a) +UJah (a')Ha' - a)+ 

+[$ ab (a) + $ab(<7')]-J^S(a' -a) + [n ab (a) + n ab (a')}5(a' - a)]+ 
ftA ftn ftA ftB ft 



r dAdB dAdB, rr ^ n , . „„. , . 

The arbitrary functions A, B, to, <1>, Q are the functions of the x a (a),p a (a). The functions 
uj ab ,uj ab , <& ab ,Q ab are the symmetric functions on a, b and Q ab ,tt ab are the antisymmetric 
functions to satisfy the condition {A, B}2 = —{B, A} 2 - The equations of motion under the 

7T 

Hamiltonian H 2 = f h^ia'^da' and PB {,}2 are 
o 

x a = -ujix b + 2uj ab Pb + 2$ o6 p& - 2<5> a b x" b + 2Vt a b x' b - 2Q. ab p b + 

^ ab 

+ J da'[u%x a + ^rPbH°' - o) + 



Pb - ~r- x . 



da da 

o 

p a = -u: ab x b - 2<S> ab x" h + 2fl ab x' b + 2oj b p b + 2**p£ + 20^' 6 + 



/" , /r 'J , <Wi , / / s d ^ab > b . ' 

J ^ [UJabX + ^ Pb]v{a ~~da~^ + -da~ Pb - 



- 

+ 
o 

The bi-Hamiltonity condition ( |3.2| ) is led to the two constraints 

-ulx b + 2w a V(, + 2$ a V b ' - 2$fex" fc + 2^x' b - 2fi a Vl+ 

/ d/Kx " + ^PtMo* -a) + d ^- Pb - ^§x' b = g°» Pb , 



-to ab x b - 2$ ab x" b + 2Q ab x b + 2uj b p b + 2<Z> b aP ' b + 2n b a p' b + 

w 

+ y (to'Ktx + ^ W M</ - a) - + = 



+ Qab% 7: VbVc T, X X + — — r-X X . 

y 2 dx a F F 2 dx a dx b 

In really, there is the list of the constraints depending on the possible choice of the 
unknown functions to, £1, <1>. In the general case, there are both the first kind constraints 
and the second kind constraints. Also it is possible to solve the constraints equations as 
the equations for the definition of the functions We considered the latter possibility 

and we obtained the following consistent solution of the bi-Hamiltonity condition: 

r)uj ab 

$ab = q Q ab = q Q Q a = ^ -^tf + 2u j ab = g ab , 

ox c 

1 d 2 to cd a _ dio ac 

Uab ~ 2dx^dx~ bPcPd ' ^ ~ ~ fe^ c ' 

i i a*6c s$ ac , , c duj ab 

* ab = -- 9ab ,n ab = -(_ - -^) X ,-g^=o. 



Remark 1. In distinct from the PB of the hydrodynamical type, we need to introduce 
the separate PB for the coordinates of the Minkowski space and for the momenta because, 
the gravity field is not depend of the momenta. Although, this difference is vanished under 
the such constraint as f(x a ,p a ) as 0. 

Consequently, the dual PB for the phase space coordinates are 

{*», x V)}2 = KV) + u ab {a')]v{a' - a), 
r / \ i a, { d 2 u} cd {a) d 2 uj cd (a') , 

-\\9*i°) + 9a b (a')]^S(a' - a) + - - a) 

r a/ x , a, r ^ ac (<r) ^ ac (a') 
{x»,p 6 (<7')} 2 = -[—q^Pc + - PcM^ - *), 

K(a),X 6 (a')}2 = -l^a^Pc + -^T^ C ]*V - a). (3.3) 

The function u> ab (x) is satisfied on the equation: 

" x c + 2w ab = <? afe . (3.4) 



dx c 

The Jacobi identities for the PB {, } 2 are led to the nonlocal consistence conditions on the 
unknown function u! ab (a). We can calculate unknown metric tensor g ab (cr) by substitution 
of the solution of the consistence condition for uj ab to the equation (|3.4|) . The Jacobi 
identity 

{x a (a),x b (a')}x c (a")}j = (3.5) 
{x a (a), x b {a')}x c {a")} + {x c (a"), x a (a)}x b (a')} + {x b (a'),x c (a")}x a (a}) = 
is led to the following nonlocal analogy of the WDVV fl8|, |l9| consistence condition: 

[^V>) + ^V)] ~ ^^[u db (a) + ^(a')]Ha' - a)u(a" - a)+ 
[^0VV) - ^0VV) +^V')]M* - o')v{a" - a')+ 

a. ,ac( n\ Q, .cbf^i^ 

[^fVV) + u d \a')\ - a -^l[^{a")+^{a)]]u{a - a")v(a> - a") = 0. (3.6) 
This equation has the particular solution of the following form: 

duj ab (a) dc ( „\ , , ,dc(/i\\ du ac (a) db ( \ , , Ab ( i\i 
dx d \ u ( (J )+ UJ )J Q^I- (*)] = 

[T b , T c ]T a ]f(a, a', a")u{a" - a)v(p' - a), 



where T a ,a = 0, 1, ...D — 1 is the matrix representation of the simple Lie algebra and 
f(a,a',a") is arbitrary function. The Jacobi identity is satisfied on the Jacobi identity of 
the simple Lie algebra in this case: 

([T a ,T b ]T c ] + [T c ,T a ]T b ] + [T b , T c ]T a ])f(a, a', a") = 

and we used the relation u 2 (a' — a) = 1. The local solution of the Jacobi identities leads 
to the constant metric tensor. The rest Jacobi identities are cumbrous and we do not 
reduce this expressions here. The symmetric factor of a, a' of the antisymmetric functions 
v{a' — a),-j^5(cr — a') in the right side of the PB can be both sum of the functions of a and 
a', and production of them. Last possibility can be used in the vielbein formalism. 
Proposition 2. The bi-Hamiltonity condition can be solved in the terms PB {,}2, which 
have the following form: 

{x a (a),x b (a>)} 2 = e«(a)e b i (a>)»(a>-a), 
de c (a') 

{x a (a),p b (a'} 2 = - e «(a)^j^p c (*>)v(a> - a), 

de c (a) de d (a') 8 
{p«W,j%(o')} 2 = -£/pc(a)^y Pd (cr>(a' -a)- e ^a)e^a')£- f S(a' - a)+ 

F)p^ r)p^ ftp 11 r)p^ 

where veilbein e" is satisfied on the additional conditions: 

ob ^iw a b _ ii v 

g =rf e^e u , g ab = rj^e^f, 

and rf" v is the metric tensor of the flat space. 

The particular solution of the Jacobi identity is 



[T b , T c ]T a ]f(a, a', a")u(a" - a)v{a' - a). 
As example let me consider the the constant curvature space. 

Example 1. The constant curvature space is described by the metric tensor g ab (x{a)) an d 
by it inverse tensor g~£: 

kx a x b ab — -l i 
9ab = Vab + l _ kx 2 ' 9 =9ab = Vab ~ kx a X b . 

Proposition 3. Dual (PB){,}2 are: 

{x a (a),x b (a')} = [r) ab - kx a (a)x b (a')]v(a' - a), 

{x a (a),p b (a')} = kx a (a)p b (a')v(a' - a), 
{Pa{v),Pb{°')} = -kp a {a)p b {a')u(a' - a) 



1 ro kx a X b . kx a X b , 9 j/ / < X a X^ %b x a trr I \ /or 

2 [2Vab + I^ (cj) + T^ {a )] d^ 6{a 2(1 - W) 6{a ~ ' (3i 



The Jacobi identity ( |3.5D is led to the equation 
[VdbXc(v") ~ r} ac x b (a')]v(a' - a)v(a - a") + [r] bc x a (a) - r) ba x c (a")]v(a - a')v(a' - a") + 

[ricaXbW) - r}dbX a (a)]v(a' - a")v{a" - a) = 0. 
The particular solution of this equation is: 

r]abXc(cr") - r}acX b {a') = [T b , T c ]T a }f(a, a , o")v(a" - o)v{o' - a). (3.9) 

Consequently, the space-time coordinate x a (a) is the matrix representation of the simple 
Lie algebra. The Jacobi identity {x a (a), x b (a')}p c (a")}j is led to the equation 

k Wc (o")v(o' - a) \v{a" - a) + v{a" - a')] = 0. (3.10) 

These results can be obtained from the veilbein formalism under the following ansatz for 
the veilbein of the constant curvature space: 



= nfl (m[ s) n a + V^km ( 2 s) x a ), e^ s) = n> M g ab (m{ s) n b + V^km { 2 s) x b ), 



where = 1, m[ s 'mj = 1, rn^m^ = 1, rnf^rn^ = 0, n a n b = 5 ab and (s) is number 
of the solution of the equations 

a b _ ab ii u _ a Ji _ ™. 

~~ ^ ' a b ~ y ab ' e M e b ~~ °b- 

The following example is time-dependent metric space. 

Example 2. The time-dependent metric in the light-cone variables has form: 

ds 2 = g ik { x+ )dx l dx k + g ++ (x + )dx + dx + + 2g + _dx + dx~ . (3.11) 
We are used Poisson brackets (3.3) for the space coordinates x a = {x l ,x + ,x~}, i = 



1, 2...D — 2. We introduced the light-cone gauge as two first kind constraints: 

F 1 (a)=x ,+ ^0, F 2 (a)=p'_^0, 

and we imposed them on the equations of motion and on the Jacobi identities. The Jacobi 
identities are reduced to the simple equation 

doj ab +c duj ac +b 

-uj^ — -ur = 0. 



dx + dx^ 

We obtained following result from this equation and additional condition ( |3.4|) : there is 
constant background gravity field only for the non-degenerate metric. 



4. Constant background fields (g ab = const.). 

In this section we are supplemented the bi-Hamiltonity condition ([^) by the mirror trans- 
formations of the integrals of motion. 



7T 7T 

b a = {x a ,j htda'}! = {x a ,j ±h 2 da'} ±2 . 



The dual PB are 

{*»,xV)} ±2 = ±g ab u(a' - a), {x a (a) lPb (a')} ±2 = 0, 

d 

{Pa((r),Pb((r )}±2 = T9ab-Q^S(a - a). 
The dual dynamical system 

x a = {x a ,±H 2 } 1 = {x a ,H 1 } ±2 . 

is the left(right) chiral string 

± a = ±x' a , p a = ±p' a . 

Another way to obtain the dual brackets is the imposition of the second kind constraints 
on the initial dynamical system, by such manner, that Fi = for i ^ k,i,k = 1, 2, ... on 
the constraints surface f{x a ,p a ) = 0. 

Example 3 The constraints fi \x,p) = p a — g a b%' b ~ or f^ + ' = p a + g a \ } x' h « (do not 
simultaneously) are the second kind constraints. 



{/i ±} (^ / b (± V)}i = C%\a - a') = ±2g ab ^j5(a> - a) 



The inverse matrix (C") 1 has following form C^ ab (a — a') = ■^.}^g ab v(o' — a). There is 
only one set of the constraints, because consistency condition 

{/ (± V)i-ffi}i = / (±) 0r)«o, ... ,{/ (±)(n) (45i}i = / (±)(n+1) (^o. 

is not produce the new sets of constraints. By using the standard definition of the Dirac 
bracket, we are obtained following Dirac brackets for the phase space coordinates. 

{*», x b (a')} D = ±\g ab v{o' - a), { Pa (a), Pb (a')} D = T^ab^a' - a), 

{x a {a),p b {a')} D = l -5 a b 5{a ! -a). 

equation The equations of motion under the Hamiltonians H\ = h\ , H 2 = h 2 and Dirac 
bracket 

x a = {x a , Hi}d = {x a , H 2 } D = g ab p b = ±x' a , 

p a = {p a , Hi} D = {p a , H 2 } D = g ab x' b = ±p' a . 



are coincide on the constraints surface. The dual brackets {,}±2 are coincide with the 
Dirac brackets also. The contraction of the algebra of the first kind constraints means that 
the integrals of motion Hi = H 2 are coincide on the constraints surface too. 
Example 4 Constraints f a (o~) = Pa~ h ac x' c (a),where metric tensor of second fundamental 
form h ac = const., h ab = h ba , h ab h bc = 6% are the second kind constraints: 

{fa(cr), Ma')} = C ab {a - a 1 ) = 2h ab ^6(a' - a). 
Inverse matrix C ab (a — a') has form: 

C ab ( a -a') = hi ah u{a' -a). 
Dirac bracket of arbitrary function A(a), B(o~) is 

{A(a),B(a')} m ={A(a),B(o J )} 1 - 

- J {A(a), f a (o-")hC ab (a" - a"'){Ma'"),B(a')} 1 da"da'" . 
Therefore, we obtained the only Dirac bracket 

{ x %a),x b (a'} m = ~h ab u(a-a') 

on the surface p a — h ab x' b = 0. The equations of motion under the Dirac bracket are 

x»= j{x a {o-)M{<?'}d<j'} m = h a b x' b , ±»= j{x a (a),h 2 (a'} m da' = 

Where = g ac h cb is Weingarten operator. The equation of motion under the Hamiltonian 
hi 

x a = h a b x' b (4.1) 

is the hydro dynamical type equation p0|] . The equation (4.1) for the diagonal operator 
h b = 5%h b was considered as the Hamiltonian equation under the local bracket for the 
sphere embedded in a pseudo-Euclidean space E N . It has the following form in the sphere 
- conic coordinates R a : Jl3], 21]. 

N-l N 
R a = (2R a +J2 Rk ~Yl h ^ R " 



k=l K=l 

The bi-Hamiltonity condition 



b a = J{x a (o),h l (a')} D1 do' = J{x a (a),h 2 (a')} D2 da' 



led to the following dual Dirac brackets: 



{x a (a),x b (a')} m = \g ah v(o' - a), {p a (o-), Pb (a')} D2 = -^g ab -^5(a' - a) 



{x a {a), Pb {a')} D2 = l -h a b 5{a - a'). (4.2) 
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